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Summary 

A formulism is described for the t rea tment  of  noise resulting from the trans- 
port  of  ions in channels containing an arbitrary number  of  activation energy 
barriers. The analysis is based on Nyquist 's  theorem and is therefore restricted 
to f luctuations around the equilibrium state. Within this limit the spectral 
intensities of  current  and voltage noise are given by the f requency-dependent  
admit tance,  which in turn is closely linked to the relaxation-time spectrum of 
the transport  system. Explicit expressions for the spectral intensity of current 
noise are derived for channels with two and three energy barriers. The analysis 
may be used to predict  the spectral intensity of  noise from the gating system in 
nerve. 

Introduction 

In recent years it has been realized that  valuable information on ion trans- 
port  mechanisms in biological membranes may be obtained from electrical 
noise studies [1--5] .  Random fluctuations of  membrane current  and membrane 
voltage may originate f rom a number  of  different  sources. One type  of noise 
which has been intensively studied in the past results from the statistical open- 
ing and closing of  ion channels in the membrane [1--5].  The analysis of this 
'channel noise' yields information on the conductance and the mean lifetime of  
the different  states of  the channel. 

This paper deals with a second source of  noise which is present even in a 
permanent ly  open channel and which is associated with the discrete nature of 
the individual ion translocation steps in the channel. The movement  of  an ion 
within the channel may be described as a series of  jumps over activation energy 
barriers [6].  Each jump contr ibutes  with a single current  pulse to the total 
current  measured in the external  circuit. Fluctuations of  the total current 
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therefore  arise from fluctuations in the number of ions crossing the individual 
barriers. Such noise may be called 'shot noise' (sensu stricto) [1,7,8] or, using 
a more general term, ' t ransport  noise' [9].  We use the latter term here because 
noise associated with the transport  of ions is not  restricted to discrete barrier 
structures and occurs also in systems where the potential  energy of an ion is a 
more-or-less smooth funct ion .of position. In contrast  to the above-mentioned 
noise from the opening and closing of channels which depends on the lifetimes 
and the overall conductance of  the channel states, the investigation of transport  
noise yields information on the rates of single transport  steps within the 
channel. 

Experimental  noise studies with ion channels have been analysed up to now 
mainly in terms of the opening-closing behaviour of the channel; it is therefore 
not  clear whether  transport  noise as defined above has been recorded from 
channel systems so far. On the other  hand, current  noise associated with the 
transport  of  hydrophobic  ions through lipid bilayer membranes has been 
observed recently [10],  which is similar to the noise analyzed here. 

In a recent paper [8] a theoretical  t rea tment  of transport  noise in a channel 
consisting of two barriers and one binding site has been given. The analysis, 
which was based on the generalized Carson theorem, yielded an explicit expres- 
sion for the spectral intensity of current  noise at arbitrary (equilibrium or non- 
equilibrium) voltages. The Carson method,  however, is difficult to apply to 
channels with more than two barriers. In this paper we describe an alternative 
procedure which may be applied to channels with an arbitrary number  of 
barriers. This method,  which is restricted to the equilibrium state, is based on 
the general ( f requency-dependent)  Nyquist relation. The Nyquist theorem 
relates the spectral intensity of current  and voltage fluctuations to the small- 
signal admit tance of  the system. The derivation of the spectral intensity there- 
fore reduces to the calculation of the admittance of  the channel, which in turn 
is related to its relaxation-time spectrum. 

Barrier model  of  the channel 

We describe the channel as an alternating sequence of n 'ion binding sites' 
and (n + 1) activation energy barriers (Fig. 1). The 'binding sites' are the 
minima in the potential  energy curve which result from interactions of  the ion 
with one or several ligand groups of  the channel. We assume that  the membrane 
contains Nc channels and tha t  the channels are permeable to a single ion species 
which is present in the external phases in concentrat ions c' and c" (Fig. 1). If 
No is the average number  of ions (referred to total  membrane area) located in 
the outermost  energy minimum at the left-tiand mouth  of the channel, then 
N o / N  c is the probabili ty that ,  for a given channel, the outer  minimum is occu- 
pied by an ion. This probabili ty is assumed to be voltage-independent and 
proport ional  to the aqueous ion concentra t ion (a similar s ta tement  applies to 
the right-hand mouth  of the channel). Thus 

No = Ncvc'; N,~+1 = Ncvc" (1) 

where v is a proport ional i ty  constant .  
The t rea tment  which follows also applies to membranes wi thout  discrete 
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Fig. 1. Potential  energy of an ion in the channel,  k~ and k~' are the rate cons tants  for jumps  from the ith 
energy m i n i m u m  to the right and to the left. c ' ,  c "  are the  concentrat ions  of the  permeable ion species 
and ~ ', ~ "  the  electrical potentials  in the two aqueous  solutions. 

channels ,  where  the ion pe rmeab i l i ty  is d is t r ibuted  over  the  ent i re  m e m b r a n e  
area (this is the  case, for  instance,  for  the  t r anspor t  o f  h y d r o p h o b i c  ions).  In 
this case we wri te  ( in t roduc ing  a n o t h e r  p r o p o r t i o n a l i t y  cons t an t  ×): 

No = XC'; Nn + 1 = XC" (2) 

We de no t e  the  n u m b e r  o f  ions present  in the  ith energy m i n i m u m  (referred 
to  to ta l  m e m b r a n e  area) by  Ni,  so tha t  the  probabi l i ty  tha t  the  ith m i n i m u m  in 
a given channel  is occup ied  is equal  to N J N c  (Ni << Nc).  The  net  ion f lux ~b i 
over  the  ith barr ier  is t hen  given by  

I H 

~Pi = k i - lNi-1  -- ki Ni (3) 

( i = l ,  2 , . . . , n + l )  

where  k i -1  and k~' are the  rate  cons tan ts  fo r  jumps  over  the  ith barr ier  f rom 
lef t  to  r ight  and f rom right to  lef t ,  respect ively  (compare  Fig. 1). Impl ic i t  in 
Eqn.  3 is the  assumpt ion  tha t  the  aqueous  ion concen t ra t ions  are suff ic ient ly  
low so t ha t  a given channel  is occupied  by  no more  than  one  ion at a t ime.  (In 
the  above -men t ioned  case of  a d is t r ibuted  permeabi l i ty  this cor responds  to  the 
assumpt ion  tha t  ions move  i n d e p e n d e n t l y  f rom each o the r  th rough  the  mem-  
brane. )  In the  equi l ibr ium state o f  the  m e m b r a n e  the  unid i rec t iona l  f luxes over  
the  ith barr ier  in e i ther  d i rec t ion  are equal:  

t n 

k i - l N i - i  = k i N i  -= Fi (4) 
- -  r r t  where  k~, k~' and Ni are the  equi l ibr ium values o f  ki, ki and Ni,  respect ively,  

and Fi is the  unid i rec t iona l  f lux over  the  ith barr ier  at equi l ibr ium.  Fur ther -  
more ,  as the  concen t ra t ions_N o _  and N,+ 1 in the  o u t e r  min ima  are held f ixed,  
one  m a y  wri te  N O = No and Nn+l = Nn+l.  

Eqn.  4 is easily solved, s tar t ing e i ther  with i = 1 or i = n + 1, to  give 

- -  I t  1r  - -  

_ _  ' , , k i + l k i . 2  . . .  k n + l  N i  = N o  k ° k l  "'" ki-1-- - N n , 1  - -  ( 5 )  
r r  11 lp  ! t ! 

k~ k2 ... ki k i k i+  l ... k .  

Eqn.  5 fu r the r  yields,  in accordance  with the  principle  of  microscopic  fever- 
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sibil i ty,  the  re la t ionship  

Nok'ok' ,  ... k,, = N,~+,k ,  k2 ... k,,+, -: P .  (6) 

In o rder  to  describe the  behav iour  of  the  m e m b r a n e  in the  presence of  small 
pe r tu rba t ions ,  we assume tha t  the  to ta l  m e m b r a n e  voltage, Vm = ~ '  --  ~ "  (Fig. 
1), is the sum of  the  equi l ibr ium poten t ia l  V°m of  the  permeable  ion species 
(valency z) plus an ex te rna l ly  appl ied small voltage signal Vs : 

V m = rOm + U s ( 7 )  

C r~ 
V o  m = ]~T In - - - :  ( 8 )  

zeo C 

k T  
L VsI < <  - -  (9) 

e 0  

where  k is Bo l t zmann ' s  cons tan t ,  T the  absolute  t em p e ra tu r e  and e0 the 
e l emen ta ry  charge. In the  fo l lowing we deno t e  the  values o f  the  rate  cons tants  

~p ~ r t  at zero voltage (Vm -- 0) by  ki and k~ and the  cor responding  values at the  
equi l ibr ium voltage V°m by  k i and - "  - '  k i . If  o~ i is the  f rac t ion  o f  to ta l  voltage which 
drops  across the  ith barrier ,  t hen  the  voltage d e p e n d e n c e  of  the  rate cons tants  
is given by  ( V m e o / k T -  u ,  V s e o / k T  ~ us)  [6]" 

r r 
ki = fz i exp(ai+,zu/2) ~ k~(1 + o:i+,ZUs/2 ) (10) 

H 
ki = f~'i' e x p ( - - o q z u / 2 )  ~ ki'(1 - -  a, iZUs/2)  (11) 

n + l  

a i = 1 . (12) 
i = 1  

In the  presence  o f  a small d.c.  vol tage,  Vs, the cur ren t  I t h rough  the  mem- 
brane  is given by  the  ohmic  m e m b r a n e  resistance R m : 

(Vs)  (13) 
R m =  -I- Vs~0 

As shown in Append ix  A, Rm is re la ted in a simple way to  the  unid i rec t ional  
equi l ibr ium f luxes Fi  (Eqn.  4) : 

k T  1 
R m - '~ " - -  

z2 e~ i = 1  Fi 
(14) 

Using Eqn.  14 toge the r  with Eqns.  4--6,  R m m ay  be expressed in t e rms  o f  the  
- - i  - - t r  

ra te  cons tan ts  k i and ki  [11]  : 

n + l  

= k T  1 ~ Pi 
R m  z2e~) "P i= l  

p, k; ' ,k;k;+,  k',, 
, , rp (p, =k,k'2 ...kn, p,,+, = k , k ~  ...k.~) 

(14a) 
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Spectral intensity of  current and voltage fluctuations 

The Nyquist theorem [12--15] is a general theorem connecting fluctuations 
with the dissipative properties of  a system. Applied to electrically conducting 
systems it states that  at equilibrium the spectral intensities Si(co) and Sv (co) of 
current (I) and voltage (V) fluctuations are related to the frequency-dependent 
admittance Y(co) of the system (1/Y(co) is the impedance): 

S~(co) = 4 k T .  Re[Y(co)] (15) 

1 
Sv (co) - i y(co)12 

where co is the angular frequency and Re signifies 'real part of'. The equilib- 
rium condition means that Sv(co) is measured at zero current and that  Si(co ) 
is measured at the equilibrium voltage V°m. 

In order to calculate Y(co), we assume that  an a.c. voltage 

Vs(t) = Vs0 cos cot (17) 

is applied to the membrane. The resulting current I(t) is then given by 

I(t) = I o cos(cot -- ~) (18) 

Io : Vs01 Y(co)[ = Vso v / R e  2 [Y(co)] + J m  2 [Y(co)] (19) 

Jm [ Y(co)] (20) 
tg ~ = -- "Re[ Y(co)] 

where Jm means 'imaginary part of'.  The time-dependent current I(t) which is 
measured in the external circuit results from the net ion fluxes ~i(t) over the 
single barriers; in addition, I(t) contains the charging current d V m / d t  = C m d V J  
dt  (Cm is the membrane capacitance). I(t) is thus given by (Appendix B). 

n + l  

I(t) = zeo  ~ ai(b/(t) + Cm dV____~m (21) 
i=1 dt 

In the stationary state ((Pi - ¢P, d V m / d t  = 0) Eqn. 21 reduces to the relation 
I = Zeo4P. T h e  admittance Y(co) may be obtained from Eqns. 17--21, as shown 
in Appendix C. For the formal representation of the result we define coeffi- 
cients bij  ( i , j  = 1,  2 . . . . .  n )  by the relations 

--3 [ ki_, (Y= i -  1) 

= + / ~ , )  (:  = z)  
bij - - ( k l  --" " " --3r 

ki+j ( j = i + l )  

0 (all other values of j) (22) 

bt0 = b~,n+l = 0 

Furthermore,  we introduce the n relaxation times Tk (k :- 1, 2, ..., n) of the 
membrane, which are the roots of the following equation (compare Appendix 
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c)- 

Det(bii  + ~ij/T) = 0 (23) 

( 5 i j = l  for  i = j  and 5~j = 0  for  i4=]) .  It  may  be shown tha t  Eqns.  22 and 23 
yield only  real and posit ive roo ts  Tk. The  real and imaginary par t  of  the  admit-  
t ance  Y(co) is t hen  ob ta ined  in the  fo rm 

2 2 /  rt ~t l t z + l  

Re(Y) = z" esI E a~ Fi} " 
leT \z~-i 1 + co2r~ + i=IE , (24) 

z 2 e~ 4-, coTI  O 1 
Jm(Y)  = coCm Z_J leT I=1 1 + co2r~ (25) 

n + l  n 

Ol Tl ~ ~ (~i(at~Fk--oo~,F,~+,)ptt¢(ki-,qi , , l -  iqil)  (26) 
i = 1  t e = l  

q0/ = qn+l,l = 0 

The  n 2 quant i t ies  q .  are de f ined  (apart  f r om a c o m m o n  mult ip l icat ive  fac tor )  
by  the  fo l lowing n 2 equat ions :  

• 
(bij + (Si~/7-k)qjl, = 0 (27) 

] = 1  

( i , k =  l ,  2 , . . . , n )  

The  quant i t ies  Pzk in tu rn  are def ined  as the  e lements  of  the inverse mat r ix  
(qjk)-t:  

t2 

Pikqt~j = (~ij (28) 
k = l  

(i, j = 1, 2, ..., n) 

F r o m  Eqns.  24 - -26  toge the r  wi th  Eqns.  15 and 16 the  spectral  intensit ies Si(co) 
and S v (co) m a y  be calcula ted.  In the  fo l lowing we shall mainly  discuss the  spec- 
t ral  in tens i ty  of  cu r r en t  noise,  Si(co): 

(/=~1 Ol n+l ) 
Si(co) = 4z2e~ 1 q- co2r~ + i=IE o!2Fi (29) 

S i ( o )  ) has the  fo l lowing proper t ies :  
a. SI is i n d e p e n d e n t  o f  m e m b r a n e  capac i tance  C m (as m ay  be expec t ed )  

whereas  the  express ion  for  Sv  conta ins  Cm. 
b. F o r  a channel  wi th  n in ternal  b inding sites the  spectral  in tens i ty  Si(co) has 

n dispersion regions (regions where  SI changes s teeply with f r equency )  which 
are cen te red  at angular f requencies  co t = 1/rz (l = 1, 2, ..., n). In the  limit co = 0 
the  admi t t ance  approaches  the  m e m b r a n e  c o n d u c t a n c e  1/R m: 

n n + l  

S~(O) - 4kTo - 4 z 2 e g ( ~ O t  + ~ a~Fi) (30) 
JtL'm l= 1 i= 1 
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This means ,  accord ing  to  Eqn.  14, tha t  the fo l lowing re la t ion must  be fulfi l led: 

n + 1 n n + 1 

j = l  * j  / = 1  / = 1  

This re la t ion is easily verif ied for  small values of  n. At high frequencies ,  S~ 
approaches  a f ini te l imit 

n + l  

Si(oo) = 4zZe~ ~ olaf  i (32) 
i=1  

From Eqns.  30 and 32 it is seen tha t  the  channel  acts as a white-noise source  
bo t h  at low and high f requencies .  

c. F o r  a comple t e ly  regular  po ten t ia l  prof i le  with ident ical  barrier  heights,  
for  which k~ = k i '  -=k*, F i -=F*  and a i=- 1 1 ( n + 1 )  holds,  the  te rm (al~Fk - 

a~+aFk+l) in Eqn.  26 vanishes so tha t  0~ = 0 and 

F* 4 k T  
Sl(cJ) = 4z2e~ - (33) 

n + l  R m 

(It m a y  be shown tha t  the  coef f ic ien tspzk  and q ,  in Eqn.  26 remain finite.)  In 
this case on ly  whi te  noise is observed at equi l ibr ium.  

In the  fo l lowing sect ion we i l lustrate the  general resul t  by  consider ing some 
special cases. 

Special cases 

a . n = l  
In the case o f  a channel  with on ly  one  binding site (and two  barriers) the  

re laxa t ion  t ime is given by r~ = 1/(k'1 + k'l') and Eqns. 27 and 28 may  be satis- 
f ied by  P l l  = q~l = 1. F u r t h e r m o r e ,  the  unidi rec t ional  f luxes are FI = k'oNcvc ' 
and F2 = k'2'Ncvc". 

This yields,  af ter  some rea r rangement :  

4 k T  1 + Qco2T~ 
SI(co) - Rm 1 + c~2r~ (34) 

2 2 r ¢ ~ . . . _ z  Co. c k o k j  + c  k~k:  
R m 2 k T  N c v "  ---, ---,, (35) k~ + k) 

- - .io~ ~) 
Q = (k', + k'; )[~-- +F, '  . (36) 

Eqns.  34- -36  agree with the  result  o f  a previous  calculat ion which was based 
on Carson 's  t h e o r e m  [8] .  We fu r the r  no t e  tha t  for  a symmetr ica l  channel  (a~ = 
a2 = 1/2, k'l =k~ )  one  finds 0~ = 0, Q = 1, so tha t  Si becomes  i n d e p e n d e n t  of  
f r equency .  

To give a specific example :  In the  symmet r ica l  case (k'~ = k; '  = k l )  and for  
an act ivat ion energy  barr ier  o f E  = 50 kJ .  mol  -~ (-~12 kcal .  tool  -~) the  j u m p  fre- 
q u e n c y  k~ ~ ( k T / h )  e x p ( - - E / k T )  becomes  o f  the  order  of  1 . 1 0 4  s -1 (h is 
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Planck ' s  cons tan t ) .  This yields  a t ime  c o n s t a n t  r ,  = 5 • 10 -s s, co r r e spond ing  to  
a f r e q u e n c y  f~ = 1/2rrr~ ~- 3 kHz.  Thus ,  in the  case cons idered  here  the  spec- 
t r u m  exhib i t s  a s t rong  f r e q u e n c y  d e p e n d e n c e  a round  f~ = 3 kHz  and b e c o m e s  
f r e q u e n c y  i n d e p e n d e n t  b o t h  be low and above  this f r e q u e n c y  range.  

b . n = 2  
For  a channe l  wi th  two  b ind ing  sites the  re laxa t ion  t imes  are given b y  

l / r1  = a + x/7 (37) 

l / r2  = a - , / 7  (38) 

a = ½(k', + k, + k2 + k2) (39) 

= 1 t . 

b ~[(k,  + kl ) - (k'~ + k~)] (4o)  

r = b 2 + k'~k; (41) 

F r o m  Eqns .  27 and  28 the  coef f ic ien ts  Pit and qi¢ are o b t a i n e d  in the  f o r m  

"-5, ~),  
qll  = k2 ; q,2 = --k2 (42) 

q21 = b - -X/7  ; q22 = - -b  --X/7 

b + V~-. 1 
Pl l  2k~v~-  P12 2 @ -  (43) 

b - - x f T .  1 

P2, 2k~v~  Pz2 2V~ 

Ins t ead  o f  wri t ing d o w n  the  r a the r  c u m b e r s o m e  express ion  for  S i ( w ) w h i c h  
is o b t a i n e d  by  inser t ing Eqns.  37 - -43  into  Eqn.  29,  we cons ider  the  special  case 
o f  a s y m m e t r i c a l  channe l  (n = 2) and  ident ica l  aqueous  solut ions .  This means  

~t  - - i t  - - t  - - ¢  - -  

t h a t  e' = c "  -= c, k~ = ~3  ~ k a m ,  k l  = k2  ~ k m a ,  k l  = k'2' =- k i ,  0~2 ~ O~ a n d  a 1 = 

a3 = 1 - - a .  
Under  these  cond i t ions  one  f inds 02 = 0 and  

4 k T  1 + Qco2"r~ 
Sl(CO) = - -  (44) 

Rm 1 + w2r~ 

1 _ z2e~ Ncvc kamki (45) 
R m k T  k m a  + 2ki 

Q _km a 4- 2ki [kma(1 __a)2 + 2kick2 ] (46) 
2kmaki 

l /T1  = k m a  + 2ki (47) 

Here  again (as in the  case n = 1) the  spec t ra l  in tens i ty  SI((.s9 ) increases f r o m  the  
l o w - f r e q u e n c y  value Sx(0 ) = 4 k T / R m  to  a h igh - f r equency  l imit  $ I ( ~ )  = Q • SI{0 ) 
in the  v ic in i ty  of  w = l/T1. This s imple  b e h a v i o u r  (one  single d ispers ion  region)  
is obse rved  on ly  fo r  a s y m m e t r i c a l  channel ,  whereas  in the  general  case t w o  dis- 
pers ions  occu r  fo r  n = 2. 
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c. Gate  no i se  
Rec e n t  expe r imen t s  suggest t ha t  the  ope ra t ion  o f  the  gate which cont ro l s  the  

sod ium channel  in nerve  is associated wi th  the  d i sp lacement  o f  charges in the  
m e m b r a n e  dielectr ic  [ 18 - -20 ] .  A simple mode l  for  the  descr ip t ion  o f  the  gate 
cu r ren t  consists in the  assumpt ion  tha t  m e m b r a n e - b o u n d ,  electr ical ly charged 
'gate-part icles '  exist  which may  dis t r ibute  themselves  be tween  two  poten t ia l  
energy  min ima  in the  m e m b r a n e  [19] .  Studies  o f  electr ical  noise f rom the  
gating mechan ism have n o t  been  r epo r t ed  so far,  b u t  is is nevertheless  interest-  
ing to  give an es t imate  of  the  noise spec t rum which m ay  be ex p ec t ed  on the  
basis o f  the  above  model .  In the  case cons idered  here ,  t he  rate  cons tants  fo r  the  
m o v e m e n t  over  the  ou t e r  barriers are zero (k~ = k',' = k~ = k~' = 0), as the  gate 
part ic les  are assumed to  be conf ined  to  the  membrane .  This means  tha t  at any 
m e m b r a n e  voltage V~ an equi l ibr ium state is reached  for  t-~ oo in which the  
gate part icles are d i s t r ibu ted  be tween  the  two  energy min ima  according to  a 
Bo l t z ma nn  d is t r ibu t ion  [19] .  We may  the re fo re  apply  Nyquis t ' s  t h e o r e m  at 
any value of  Vm. If N = N1 + N2 is the  to ta l  n u m b e r  of  gate part icles in the  
m e m b r a n e  and if k '  - '  k "  - "  = kr and = k2 are the  rate cons tants  for  the  transloca-  
t ion  across the  centra l  barrier ,  t hen  

- -  k "  - -  k '  

N~ = N k' + k ' ~  ; N :  = N k' + k ' - ~ - 7  (48) 

The  spectral  in tens i ty  o f  gate noise may  be ob ta ined  by  evaluat ing the  general 
- - !  - - t t  - - t  

express ions  for  Si(co ) and Sv(co ) for  n = 2 in the  l imit  k0 -+ 0, kl -~ 0, k:  -+ 0, 
- - t !  
k3 -+ 0 or,  more  easily, by  calculat ing Y(co) d i rec t ly  accord ing  to  the  m e t h o d  
descr ibed  in Appe nd ix  C. This yields 

((~zeo )2 k ' k "  co2r~ 
Re[Y(co)]  - k T  N "  te' + le '----~ " i + co2r2 (49) 

1 
Im[Y(co)]  = Re[Y(co)]  + coC,, (50) 

c o T  

/,~ ' 1~" (..02-/-2 

Si(co)  = ( 2 ~ z e o ) 2 N  k' + k ' ~ - - - - 7  " 1 + co2r2 (51) 

1 
r - k' + k ' ~  (52) 

Thus ,  the  spectral  in tens i ty  o f  cur ren t  noise f rom gate part icles m ay  be 
e x p e c t e d  to  have the f o r m  of  an inver ted Loren tz  spec t rum,  S~(co) increasing 
p ropo r t i ona l  to  002 at low co and approaching  a f ini te l imit  at high co. Rela t ion  
51 is fo rmal ly  ident ical  with the  current -noise  spec t rum of  a m e m b r a n e  con- 
taining h y d r o p h o b i c  ions which has been der ived (using the  Langevin m e t h o d )  
for  the  l imit ing case o f  vanishing exchange  be tween  m e m b r a n e  and wate r  [10] .  

If  the  voltage d e p e n d e n c e  o f  the  rate  cons tan ts  is descr ibed by  k ' =  k'o 
e x p ( ~ z u / 2 ) ,  k "  = ko' e x p ( ~ z u / 2 )  t hen  Eqn.  51 m ay  be wr i t t en  in the fo rm 

2 N / T  c02r 2 
S , (co)  = (~zeo)  2 1 + cosh[~z(u  --  u* )] 1 + C02T 2 (53) 
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where  u* is the  reduced  voltage at which the  gate part icles are symmetr ica l ly  
d i s t r ibu ted  (N1 = N2, k '  = k" ) .  F rom Eqn.  53 one  infers tha t  an upper  l imit of  
S I is given by SI ~ (aZeo)2N/~ r. 

Conclusion 

In the  preceding sect ions a formul i sm has been  descr ibed for  the t r e a t m e n t  
o f  noise result ing f rom the r a n d o m  m o v e m e n t  of  ions over a series of  activa- 
t ion  barriers.  In such a t r anspor t  sys tem the  individual barriers behave as 
coup led  shot-noise sources,  the  coupl ing being given by the  po ten t ia l  energy 
min ima  be tween  the  barriers,  which act  as storage e lements  fo r  the t r anspor ted  
ions. Accord ing ly ,  the  resul t ing noise shows a character is t ic  f r equency  depen-  
dence  which is closely l inked to  the re laxa t ion- t ime spec t rum of  the t ranspor t  
sys tem.  The analysis has been based on Nyquis t ' s  t h e o r e m  and is t he re fo re  
res t r ic ted  to  f luc tua t ions  a round  the equi l ibr ium state. In this limit the  spectral  
intensit ies of  cu r ren t  and voltage noise are given by  the  f r e q u e n c y - d e p e n d e n t  
admi t t ance  o f  the system. Because of  the very  general na ture  of  Nyquis t ' s  
t h e o r e m ,  a similar t r e a t m e n t  seems possible for  electrical  noise f rom ion 
carriers. A n o t h e r  possible appl ica t ion  concerns  t r anspor t  noise in systems 
where  the  po ten t ia l  energy of  the  ion is a more  or less sm o o th  func t ion  of  posi- 
t ion so tha t  a Nerns t -Planck (or e lec t rod i f fus ion)  t r e a t m e n t  is more  appropr ia te .  

Fu tu re  ex tens ions  o f  the  present  analysis should deal with non-equi l ib r ium 
states of  the  channel ;  noise studies under  non-equi l ibr ium condi t ions  would  
give addi t ional  i n fo rma t ion  on microscopic  parameters  of  the  channel  no t  
a l ready con ta ined  in the  admi t t ance .  
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A p p e n d i x  A 

Derivation o f  Eqn. 14 
In the  presence  o f  a d.c. voltage V s the  m e m b r a n e  assumes a s ta t ionary  state 

in which the  net  ion f luxes (1) i over  all barriers are equal :  

p rt  

(1)i = k i - ,Ni-1  --  k i N i  = ep (A1) 

(i-- 1 , 2  . . . . .  n + l )  

For  I Vs I << kT/eo the  Ni remain close to  their  equi l ibr ium values Ni, so tha t  
we may  wri te  N i = Ni (1 + hi) with [hil < <  1. Using Eqns.  4, 10 and 11 and 
neglect ing te rms p ropor t iona l  to  hiu~, Eqn.  A1 gives 

(P 
- hi-1 -- hi + aizu~ (A2) 

Fi 

h0 = h,,+, = 0  
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Summation over i yields, together with Eqn. 12: 

n + l  

dp .: Fii = z u s (a3) 

Introducing the electric current I = zeoOP into Eqn. 13 and using Eqn. A3 then 
leads to relation 14 for R m. 

Appendix B 

Derivation o f  Eqn. 21 
The derivation of Eqn. 21 may be based on the following model. We assume 

that  the internal energy minima are located at positions s~ (i = 1, 2, ..., n) and 
that  the membrane surfaces have the coordinates So and S,+l (Fig. 1). If the 
membrane is a homogeneous dielectric, the fraction ai of the total voltage 
droping across the ith barrier (which is to the left of  the ith energy minimum) 
is given by 

si - - s i - ,  (B1) 
O~i --  d 

where d = s,+ 1 -- so is the membrane thickness. If a charge zeo is displaced in 
the membrane over the distance ( s i - - s i - 1 )  a corresponding charge-displace- 
ment  of magnitude zeo ( s i - - s i - 1 ) / d  = zeoai occurs in the external circuit at 
constant  voltage Vm (for the present purpose the aqueous electrolyte solutions 
may be considered as ideal conductors and as part of the external circuit). 
Therefore, if q)i charges per unit time pass over the ith barrier the resulting 
current in the external circuit is equal to zeoai(P~. The total current I is ob- 
tained by summing over all barriers and adding the charging current CmdVm/dt  
(C m is the membrane capacitance). This yields Eqn. 21. The above derivation 
may be generalized to the case of  an inhomogeneous membrane dielectric [ 16]. 

Appendix C 

Derivation of Eqns. 22--28 
In the presence of a small a.c. voltage V s = Vsocoscot with I VsoJ << kT/eo, 

the quantities Ni, k~, k~' are given by (compare Eqns. 10 and 11): 

M 

Ni(t) = Ni + x~(t) (C1) 

zuso ) 
kltt) =ki  l + ~ i + , ~ c o s c o t  (c2) 

k~'(t) = k ~ ' ( 1 -  ai zus° c ° s 2  cot) (C3) 

with fxil < <  Ni,  lUsOl = I Vsoeo/kT] < <  1. Introduction of  Eqns. 3, 4, 17 and 
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C1--C3 into Eqn. 21 and neglection of terms proportional to xi us0 yields 

n + l  

I(t) = z e o  ~ o Q ( k i - l X i -  1 - - k 2 ' X  i + o~iFizusoCOS cot) - - C m V ~ o c o  sin cot (C4) 
i = 1  

• )C O = Xn+ 1 = O 

The rate of change of Ni is given by 

dNi 
- -  (I) i - -  ( l ) i+ l  ( C 5 )  

dt 

This equation, together with Eqns. 3, 4, 17 and C1--C3 yields the following 
system of differential equations for the n functions x i  (t) : 

dxi_  
AJ bi~x~ + gi cos cot (C6) 

dt j=l 

g i  = ZUsO (c~iFi  - -  oL i~ 1 Fi+ l ) 

The coefficients bit are given by Eqn. 22. Using the transformation 

(C7) 

Yi = ~ P i k X k ;  Xj = ~ qy~Yk (C8) 
k = l  k = 1 

Eqn. C6 may be obtained in the form [17]: 

d y  i 1 
- Yi + P i~gk  cos cot (C9) 

dt ri ~ = 1 

The Ti are the relaxation times of the membrane and are given by the roots of 
the equation 

Det(bi~ + 5l i fT)  = 0 (C10) 

where 5ij is Kronecker's delta. In order to transform Eqn. C6 into Eqn. C9 the 
coefficients qjk  have to be chosen such that  

• 
( b i j  + (~ i l / r k  ) q j k  = 0 ( C l l )  

j = l  

By virtue of Eqn. C10 this equation has a non-trivial solution. We now replace 
the functions Yi by complex functions 77i with Re 0?i) = Y/: 

- rli + "--' P i k g k  exp(jcot) (C12) 
d t  r i k = 1 

where j is the imaginary unit. It is easily verified that  the solution of Eqn. C12 
is given by 

rli = A i  exp(jcot) (C13) 
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1 - - j m T i  ~_l Pikg~ (C14) 
Ai  = Ti 1 + CJT~ k = 1 

Instead of  the real current I (Eqn. C4) we introduce a complex current J w i t h  
Re (J)  = I:  

J(t) = Y(co)Vs0 exp(jcot) (C15) 

n + l  

d(t) = zeo ~ O Q [ ~ ' -  l ~ i - l  - -  k---'i'$i + a i F i z U s o  exp(jcot)] + C m V s o J c o  exp(jcot) 
i=1 

(c16) 
Re(~i) = xi ; G0 = ~.+~ = 0 

The complex quantities $i are obtained from the functions ~i by the transfor- 
mation C8 : 

}i : "~  qi,rll : "~  qilAz exp(jc0t) 
1=1 l=l  

(c17) 

After introduction of the ~i from Eqns. C17 and C14 into Eqn. C16 and 
separate comparison of the real and imaginary parts of Eqns. C15 and C16 the 
relations 24--26 are obtained. 
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