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Summary

A formulism is described for the treatment of noise resulting from the trans-
port of ions in channels containing an arbitrary number of activation energy
barriers. The analysis is based on Nyquist’s theorem and is therefore restricted
to fluctuations around the equilibrium state. Within this limit the spectral
intensities of current and voltage noise are given by the frequency-dependent
admittance, which in turn is closely linked to the relaxation-time spectrum of
the transport system. Explicit expressions for the spectral intensity of current
noise are derived for channels with two and three energy barriers. The analysis
may be used to predict the spectral intensity of noise from the gating system in
nerve.

Introduction

In recent years it has been realized that valuable information on ion trans-
port mechanisms in biological membranes may be obtained from electrical
noise studies [1—5]. Random fluctuations of membrane current and membrane
voltage may originate from a number of different sources. One type of noise
which has been intensively studied in the past results from the statistical open-
ing and closing of ion channels in the membrane [1—5]. The analysis of this
‘channel noise’ yields information on the conductance and the mean lifetime of
the different states of the channel.

This paper deals with a second source of noise which is present even in a
permanently open channel and which is associated with the discrete nature of
the individual ion translocation steps in the channel. The movement of an ion
within the channel may be described as a series of jumps over activation energy
barriers [6]. Each jump contributes with a single current pulse to the total
current measured in the external circuit. Fluctuations of the total current
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therefore arise from fluctuations in the number of ions crossing the individual
barriers. Such noise may be called ‘shot noise’ (sensu stricto) [1,7,8] or, using
a more general term, ‘transport noise’ [9]. We use the latter term here because
noise associated with the transport of ions is not restricted to discrete barrier
structures and occurs also in systems where the potential energy of an ionis a
more-or-less smooth function -of position. In contrast to the above-mentioned
noise from the opening and closing of channels which depends on the lifetimes
and the overall conductance of the channel states, the investigation of transport
noise yields information on the rates of single transport steps within the
channel.

Experimental noise studies with ion channels have been analysed up to now
mainly in terms of the opening-closing behaviour of the channel; it is therefore
not clear whether transport noise as defined above has been recorded from
channel systems so far. On the other hand, current noise associated with the
transport of hydrophobic ions through lipid bilayer membranes has been
observed recently [10], which is similar to the noise analyzed here.

In a recent paper [8] a theoretical treatment of transport noise in a channel
consisting of two barriers and one binding site has been given. The analysis,
which was based on the generalized Carson theorem, yielded an explicit expres-
sion for the spectral intensity of current noise at arbitrary (equilibrium or non-
equilibrium) voltages. The Carson method, however, is difficult to apply to
channels with more than two barriers. In this paper we describe an alternative
procedure which may be applied to channels with an arbitrary number of
barriers. This method, which is restricted to the equilibrium state, is based on
the general (frequency-dependent) Nyquist relation. The Nyquist theorem
relates the spectral intensity of current and voltage fluctuations to the small-
signal admittance of the system. The derivation of the spectral intensity there-
fore reduces to the calculation of the admittance of the channel, which in turn
is related to its relaxation-time spectrum.

Barrier model of the channel

We describe the channel as an alternating sequence of n ‘ion binding sites’
and (n + 1) activation energy barriers (Fig.1). The ‘binding sites’ are the
minima in the potential energy curve which result from interactions of the ion
with one or several ligand groups of the channel. We assume that the membrane
contains N, channels and that the channels are permeable to a single ion species
which is present in the external phases in concentrations ¢’ and ¢'’ (Fig. 1). If
N, is the average number of ions (referred to total membrane area) located in
the outermost energy minimum at the left-hand mouth of the channel, then
N, /N, is the probability that, for a given channel, the outer minimum is occu-
pied by an ion. This probability is assumed to be voltage-independent and
proportional to the aqueous ion concentration (a similar statement applies to
the right-hand mouth of the channel). Thus

N, =Ngc';N,y1 = Nwe” (1)

where v is a proportionality constant.
The treatment which follows also applies to membranes without discrete
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Fig. 1. Potential energy of an ion in the channel. k; and k] are the rate constants for jumps from the ith
energy minimum to the right and to the left. ¢', ¢’ are the concentrations of the permeable ion species
and ', '’ the electrical potentials in the two agueous solutions.

channels, where the ion permeability is distributed over the entire membrane
area (this is the case, for instance, for the transport of hydrophobic ions). In
this case we write (introducing another proportionality constant x):

Ny =x¢';Nyo1=xc". (2)

We denote the number of ions present in the ith energy minimum (referred
to total membrane area) by N, so that the probability that the ith minimum in
a given channel is occupied is equal to N;/N, (N; << N;). The net ion flux &;
over the ith barrier is then given by

®; = k;_,N;_, —k;N; (3)
(i=12,..,n+1)

where k;_; and k;’ are the rate constants for jumps over the ith barrier from
left to right and from right to left, respectively (compare Fig. 1). Implicit in
Eqn. 8 is the assumption that the aqueous ion concentrations are sufficiently
low so that a given channel is occupied by no more than one ion at a time. (In
the above-mentioned case of a distributed permeability this corresponds to the
assumption that ions move independently from each other through the mem-
brane.) In the equilibrium state of the membrane the unidirectional fluxes over
the ith barrier in either direction are equal:

ki N;-, =k/N; = F, (4)

’

where %}, k}' and N; are the equilibrium values of k{, k;’ and N;, respectively,
and F; is the unidirectional flux over the ith barrier at equilibrium. Further-
more, as the concentrations N, and N,,; in the outer minima are held fixed,
one may write N, = N, and N1 = N, 1.

Eqn. 4 is easily solved, starting either withi=1ori=n + 1, to give

kLky .. ki, _N ki ki o R (5)
—_— paneu— n+l e =
kRiky ... ki

N; =N, il :
Eikiyy... B

Eqgn. 5 further yields, in accordance with the principle of microscopic rever-
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sibility, the relationship
NokLkY . By =N, ki ks . kh. =P. (6)

In order to describe the behaviour of the membrane in the presence of small
perturbations, we assume that the total membrane voltage, V., = ' — ¢'" (Fig.
1), is the sum of the equilibrium potential V9, of the permeable ion species
(valency z) plus an externally applied small voltage signal V:

= Vi +V (7)
} i
po =R (8)
Ze C
kT
(9)
€y

where k is Boltzmann’s constant, T the absolute temperature and e, the
elementary charge. In the following we denote the values of the rate constants
at zero voltage (V,, =0) by %/ and k" and the corresponding values at the
equilibrium voltage V9, by k| and k;’. If «; is the fraction of total voltage which
drops across the ith barrier, then the voltage dependence of the rate constants
is given by (V,eo/RT = u, Veo/RT = uy) {6]:

ki =k expla, 12u/2) ~ k(1 + a;.12us/2) (10)
k! = IE;.’ exp(—a;zu/2) ~ k} (1 — a;zu4/2) (11)
n+1
2 o =1. (12)
i=1

In the presence of a small d.c. voltage, V,, the current I through the mem-
brane is given by the ohmic membrane resistance R,

R, = (A) (13)

Ve 0

As shown in Appendix A, R,, is related in a simple way to the unidirectional
equilibrium fluxes F; (Eqn. 4):

(14)

1
R =
i 1 F;

CN

Z

Using Eqn. 14 together with Eqns. 4—6, R, may be expressed in terms of the
rate constants k; and k;' [11]:

nel
kT 1

R“‘:zzeg FZI (14a)

pi = RUES . ki Rikiy ke,

(01 =R\ ks o ps Py = kTR k)
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Spectral intensity of current and voltage fluctuations

The Nyquist theorem [12—15] is a general theorem connecting fluctuations
with the dissipative properties of a system. Applied to electrically conducting
systems it states that at equilibrium the spectral intensities S;(w) and Sy (w) of
current (I) and voltage (V) fluctuations are related to the frequency-dependent
admittance Y(w) of the system (1/Y(w) is the impedance):

Siw) =4kT- Re[Y(w)] (15)

Sy(w) = Si(w) = 4kT- Re[ (16)

1 1 }
| Y(w)? Y(w)
where w is the angular frequency and Re signifies ‘real part of’. The equilib-
rium condition means that S, (w) is measured at zero current and that S;(w)
is measured at the equilibrium voltage V2.

In order to calculate Y(w), we assume that an a.c. voltage

Vi(t) = Vg cos wi (17)
is applied to the membrane. The resulting current I(t) is then given by
I(t) =1, cos(wt — p) (18)
Iy = Vio | Y(w)| = Voo VR [ Y(w)] + Im? [Y(w)] (19)
Jm[Y(w)]
=t A 20
YT T Re[ V(w)] (20)

where Jm means ‘imaginary part of’. The time-dependent current I(t) which is
measured in the external circuit results from the net ion fluxes ®;(t) over the
single barriers; in addition, I(t) contains the charging current dV,,/d¢ = C,,dV/
dt (Cp, is the membrane capacitance). I(t) is thus given by (Appendix B).

n+1

I(t) = zeo 20 a;d(t) + Cy dv,
i=1

T (1)

In the stationary state (®; = ¢, dV,/d¢ = 0) Eqn. 21 reduces to the relation
I =zey®. The admittance Y(w) may be obtained from Eqns. 17—21, as shown
in Appendix C. For the formal representation of the result we define coeffi-
cients b;; (i,j = 1, 2, ..., n) by the relations
ki (j=i—1)
y | R AR G=0)
i —
kz",+1 j=i+1)
0 (all other values of j) (22)
blO = bn,n+l = 0

Furthermore, we introduce the n relaxation times 7, (¢ =1, 2, ..., n) of the
membrane, which are the roots of the following equation (compare Appendix
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C):
Det(b;; + 8;;/7) = 0 (23)

(6;; =1 for i=j and 6;; = 0 for i # j). It may be shown that Eqns. 22 and 23
yield only real and positive roots 7,. The real and imaginary part of the admit-
tance Y(w) is then obtained in the form

Re(Y) - zQeg/i Y, + ﬂil a_zp:) (24)
RT\Z11+w?r? o3

22ed < wnd,
Jm(Y) = wC,_, — el
m(Y) = wCm kT z=Z>11+cu2'rz2 (25)

=1 . 27 ailar Fr —ap 1 Fro)pn(ki- it — ki ga) (26)

Qo1 =qne1 =0

The n*® quantities g;; are defined (apart from a common multiplicative factor)
by the following n? equations:

21 (b +84/T4)qs = 0 (27)

(i, k=1,2,.. n)

The quantities p,, in turn are defined as the elements of the inverse matrix
(gjr)t

kZ—>1 PirQrj = 8ij (28)

(,j=1,2,..,n)

From Eqns. 24—26 together with Eqns. 15 and 16 the spectral intensities Sj(w)
and Sy (w) may be calculated. In the following we shall mainly discuss the spec-
tral intensity of current noise, Sy{w):

n 191 n+1 .

Si(w) = 47e3( 2 + T air) (29)

2
=1 1+ wrf =1

S1(w) has the following properties:

a. S is independent of membrane capacitance C,, (as may be expected)
whereas the expression for Sy contains Cy,.

b. For a channel with n internal binding sites the spectral intensity Si(w) has
n dispersion regions (regions where S; changes steeply with frequency) which
are centered at angular frequencies w; =1/r;, (I=1,2,...,n). In the limit w =0
the admittance approaches the membrane conductance 1/R,;:

nt+1l

4rT “
S1(0) =R = 42%e3(25 0, + 20 a2 Fy) (30)
m =1

i=1
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This means, according to Eqn. 14, that the following relation must be fulfilled:

n+1 n+1
2 (E&,+E 2F)—l (31)

JlF

This relation is easily verified for small values of n. At high frequencies, S;
approaches a finite limit

n+1

Sy(w) = 42%€3 24 o?F, (32)
i=1

From Eqns. 30 and 32 it is seen that the channel acts as a white-noise source
both at low and high frequencies.

c. For a completely regular potential profile with identical barrier heights,
for which k; =k =k*, F;= F* and a; = 1/(n + 1) holds, the term (a,F), —
ar1Fr+1) in Eqn. 26 vanishes so that ¥, = 0 and

F* 4kT

n+1=R (33)

Si{w) = 4z%3

(It may be shown that the coefficients p;;, and g;; in Eqn. 26 remain finite.) In
this case only white noise is observed at equilibrium.

In the following section we illustrate the general result by considering some
special cases.

Special cases

an=1

In the case of a channel with only one binding site (and two barriers) the
relaxation time is given by 7, = 1/(k} + k') and Eqns. 27 and 28 may be satis-
fied by py; =g = 1. Furthermore, the unidirectional fluxes are F, = k N vc’'
and F, = kYN vc'"’

This yields, after some rearrangement:

4T 1+ Qwr

Sw) =T e (34)
1 226(2) 0'713—(’)73—,] + C”E’{F,
= . NCU . ________“2_
R, 2kT P (35)
Q = (k| +k”)(——+a%)
1 K 7 (36)

Eqns. 34—36 agree with the result of a previous calculation which was based
on Carson’s theorem [8]. We further note that for a symmetrical channel (a, =
oy =1/2, By =k5) one finds ¥, =0, @ = 1, so that S; becomes independent of
frequency. R

To give a specific example: In the symmetrical case (k; = &} = %,) and for
an activation energy barrier of £ =50 kd -mol™! (=12 kecal - mol~!) the jump fre-
quency k, =~ (RT/h) exp(—E/kT) becomes of the order of 1-10% s7! (h is
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Planck’s constant). This yields a time constant 7, = 5 - 10°° s, corresponding to
a frequency f, =1/2n7, ~ 3 kHz. Thus, in the case considered here the spec-
trum exhibits a strong frequency dependence around f, = 3 kHz and becomes
frequency independent both below and above this frequency range.

bn=2
For a channel with two binding sites the relaxation times are given by
1/, =a+~/r (37)
1/7, =a—~/T1 (38)
a=4i(k, + k) + k) + k) (39)
b =31(k, +k])— (B, + k)] (40)
b AR (41
From Eqns. 27 and 28 the coefficients p;; and g;; are obtained in the form
Qi =k} ; i = —Fk; (42)
g2 = b—/1; g2 =—b—/r
b+-/r 1

Pu=_="-; Pu=— 43

11 2 ;\/;. 12 2\/7 ( )
s = b—/r 1

B 2RNT 2 2\/r

Instead of writing down the rather cumbersome expression for Si(w) which
is obtained by inserting Eqns. 37—43 into Eqn. 29, we consider the special case
of a symmetrical channel (n = 2) and identical aqueous solutions. This means
that ¢'=c'"=c, ko=ky =k, RY =Ry =kpya, Ri=ky =k;, 0, =« and a, =
a;=1—a.

Under these conditions one finds ¢, = 0 and

4RT 1+ Quw’T]

= 44

S[(U)) Rm 1+ sz% ( )
1 2%} RamR;
i N 45
Rm kT ¢ kma + 2kl ( )
kma  2k;

Q = m [kma(l - a)2 + 2ki0(2] (46)
1/7, = ko + 2k, (47)

Here again (as in the case n = 1) the spectral intensity S;(w) increases from the
low-frequency value S;(0) = 4 kT/R,, to a high-frequency limit S;(«) = @ - S{(0)
in the vicinity of w = 1/7,. This simple behaviour (one single dispersion region)
is observed only for a symmetrical channel, whereas in the general case two dis-
persions occur for n = 2.
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c. Gate noise

Recent experiments suggest that the operation of the gate which controls the
sodium channel in nerve is associated with the displacement of charges in the
membrane dielectric [18—20]. A simple model for the description of the gate
current consists in the assumption that membrane-bound, electrically charged
‘gate-particles’ exist which may distribute themselves between two potential
energy minima in the membrane [19]. Studies of electrical noise from the
gating mechanism have not been reported so far, but is is nevertheless interest-
ing to give an estimate of the noise spectrum which may be expected on the
basis of the above model. In the case considered here, the rate constants for the
movement over the outer barriers are zero (ko= ki = k; = k3 = 0), as the gate
particles are assumed to be confined to the membrane. This means that at any
membrane voltage V, an equilibrium state is reached for t - < in which the
gate particles are distributed between the two energy minima according to a
Boltzmann distribution [19]. We may therefore apply Nyquist’s theorem at
any value of V,,. If N=N, + N, is the total number of gate particles in the
membrane and if k' = k; and k'’ =k} are the rate constants for the transloca-
tion across the central barrier, then

N = N =N — 48
Nl Nk/+kn,N2 Nk,"'k” ( )
The spectral intensity of gate noise may be obtained by evaluating the general
expressions for 8;(w) and Sy (w) for n = 2 in the limit ko~ 0, kY > 0,k; > 0,
k3 = 0 or, more easily, by calculating Y(w) directly according to the method
described in Appendix C. This yields

Im[Y(w)] = —:—T Re[Y(w)] + wC,, (50)
Si(w) = (zazeOVNk,kf;,, 5 fz;z (51)

Thus, the spectral intensity of current noise from gate particles may be
expected to have the form of an inverted Lorentz spectrum, S;(w) increasing
proportional to w? at low w and approaching a finite limit at high w. Relation
51 is formally identical with the current-noise spectrum of a membrane con-
taining hydrophobic ions which has been derived (using the Langevin method)
for the limiting case of vanishing exchange between membrane and water [10].
If the voltage dependence of the rate constants is described by k' = kg
exp(azu/2), k'’ = ko exp(—azu/2) then Eqn. 51 may be written in the form

2N/T w?r?

= 2 .
Si(w) = (azeo) 1+ coshlaz(u —u*)] 1+ w7’

(53)
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where u* is the reduced voltage at which the gate particles are symmetrically
distributed (N; = N,, k' = k""). From Eqn. 53 one infers that an upper limit of
8, is given by S; < (azey)*N/7T.

Conclusion

In the preceding sections a formulism has been described for the treatment
of noise resulting from the random movement of ions over a series of activa-
tion barriers. In such a transport system the individual barriers behave as
coupled shot-noise sources, the coupling being given by the potential energy
minima between the barriers, which act as storage elements for the transported
ions. Accordingly, the resulting noise shows a characteristic frequency depen-
dence which is closely linked to the relaxation-time spectrum of the transport
system. The analysis has been based on Nyquist’s theorem and is therefore
restricted to fluctuations around the equilibrium state. In this limit the spectral
intensities of current and voltage noise are given by the frequency-dependent
admittance of the system. Because of the very general nature of Nyquist’s
theorem, a similar treatment seems possible for electrical noise from ion
carriers. Another possible application concerns transport noise in systems
where the potential energy of the ion is a more or less smooth function of posi-
tion so that a Nernst-Planck (or electrodiffusion) treatment is more appropriate.

Future extensions of the present analysis should deal with non-equilibrium
states of the channel; noise studies under non-equilibrium conditions would
give additional information on microscopic parameters of the channel not
already contained in the admittance.
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Appendix A

Derivation of Eqn. 14
In the presence of a d.c. voltage V¢ the membrane assumes a stationary state
in which the net ion fluxes ®; over all barriers are equal:

&, =kj_N;_, —kIN; = (A1)
(i=1,2,..,n+1)

For | V| << kT/e, the N; remain close to their equilibrium values Ni, so that
we may write N; =N, (1 +h;) with |h;| << 1. Using Eqgns. 4, 10 and 11 and
neglecting terms proportional to h;u,, Eqn. Al gives

:hi—l —hi + o;2u, (A2)

h():h'n+l :0
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Summation over { yields, together with Eqn. 12:

1
F = zu, (A3)
Introducing the electric current I = ze,® into Eqn. 13 and using Eqn. A3 then
leads to relation 14 for R,

Appendix B

Derivation of Eqn. 21

The derivation of Eqn. 21 may be based on the following model. We assume
that the internal energy minima are located at positions s; (i=1, 2, ..., n) and
that the membrane surfaces have the coordinates s, and s,,; (Fig. 1). If the
membrane is a homogeneous dielectric, the fraction «; of the total voltage
droping across the ith barrier (which is to the left of the ith energy minimum)
is given by

$; T Si—)

Bl
- (B1)

o =

where d =s,.,1 — So is the membrane thickness. If a charge ze, is displaced in
the membrane over the distance (s; —s;_;) a corresponding charge-displace-
ment of magnitude ze, (s; —s;—1)/d = zeoa; occurs in the external circuit at
constant voltage V,, (for the present purpose the aqueous electrolyte solutions
may be considered as ideal conductors and as part of the external circuit).
Therefore, if ®; charges per unit time pass over the ith barrier the resulting
current in the external circuit is equal to zeyx;®;. The total current I is ob-
tained by summing over all barriers and adding the charging current C,dV,,/dt
(Cp, is the membrane capacitance). This yields Eqn. 21. The above derivation
may be generalized to the case of an inhomogeneous membrane dielectric [16].

Appendix C

Derivation of Eqns. 22—28
In the presence of a small a.c. voltage V, = V gcoswt with | Vol << kT/e,,
the quantities N, k[, k; are given by (compare Eqns. 10 and 11):

Ni(t) = N; +x,(t) (C1)
kitt) = (1 +a., z’;“’ cos wt) (C2)
kI (t) =k} (1 — ZUso ) (C3)

with [x;| << N;, lugol = | Vsgeo/RT| << 1. Introduction of Eqns. 3, 4, 17 and
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C1—C3 into Eqn. 21 and neglection of terms proportional to x; u, yields

n+1

I(t) = ze, E a,-(?i_1xi_l —E'xi + a; Fizug cos wt) — Cp Vo w sin wit (C4)

xO = xn +1 = 0
The rate of change of N, is given by

dN; .
i N, S C5

dt { i+1 ( )
This equation, together with Eqns. 3, 4, 17 and C1—C3 yields the following
system of differential equations for the n functions x; (t):

dx;

E bix; +g; cos wt (C6)
dt i=1
gizzuso(aiFi—ai+lFi+l) (C7)

The coefficients b;; are given by Eqn. 22. Using the transformation

v = :El DPirXps Xj = }El Qi Y (C8)
Z -

Eqn. C6 may be obtained in the form [17]:

dy, 1 -
===y + T pingi cos wt (c9)
dt Ti k=1

The 7; are the relaxation times of the membrane and are given by the roots of
the equation

Det(b;; + 6,,/7) = 0 (C10)

where §;; is Kronecker’s delta. In order to transform Egn. C6 into Eqn. C9 the
coefficients g;, have to be chosen such that

n

Z} (blj + 61]/Tk )QJk = (Cll)
j=1

By virtue of Eqn. C10 this equation has a non-trivial solution. We now replace
the functions y; by complex functions n; with Re (n;) = y;:

1 |
=TT Wt L puge explet) (c12)
i k=1

where j is the imaginary unit. It is easily verified that the solution of Eqn. C12
is given by

= A; exp(jwt) (C13)
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_ 1—jwr;
A=t an kZ_?l Dix g (C14)

Instead of the real current I (Eqn. C4) we introduce a complex current J with
Re (J)=1I:

J(t) = Y(w)V, exp(jwt) (C1b)
n+1
J(t) =ze, 20 a;lki-y -y — ki & + aiFizug exp(jwt)] + Co Veoi expljoot)
= (C16)
Re(§;) = x,; ; 0=, =0

The complex quantities &; are obtained from the functions 7n; by the transfor-
mation C8:

i = 2 Q= 2 qiA; exp(jwt) (C17)
=1 1=1

After introduction of the §; from Eqns. C17 and C14 into Eqn. C16 and
separate comparison of the real and imaginary parts of Egns. C15 and C16 the
relations 24—26 are obtained.
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